Introduction
The motion of a viscous fluid caused by the sinusoidal oscillations of a flat plate is called Stokes's second problem by Schlichting [1] . Such a motion is not only of fundamental interest but it also occurs in many applied problems such as acoustic streaming around an oscillating body and unsteady boundary layers with fluctuation [2] . When the fluid motion is set up from rest, the velocity field contains transients determined by the initial conditions and these transients gradually disappear in time. As early as 1968, Penton [3] presented a closed-form of the transient component of the solution for the flow of a viscous fluid due to an oscillating plate. The first closed-form expression of the starting solution for this problem was obtained by Erdogan [4] . However, Erdogan's solution is rather complicated and is not presented as a sum of the steady-state and transient solutions. It has been recently improved [5] and the required time to reach the steady-state has also been determined. To the authors' knowledge, a closedform expression for the starting solution corresponding to the motion induced by a flat plate that applies an oscillating shear stress to a viscous fluid has not been given before. Therefore, the purpose of this work is to solve this problem. More exactly, we are interested in finding the starting solutions for the unsteady motion of a viscous fluid induced by an infinite plate that applies an oscillating shear stress ( sin(ω ) or cos(ω )) to the fluid. However, for completion, we shall establish exact solutions for the more general problem of the unsteady motion between two parallel side walls perpendicular to the plate. In the absence of the side walls, namely when the distance between the walls tends to infinity, the general solutions tend to the similar solutions corresponding to the motion over an infinite plate. By comparing these solutions to the general solutions, the influence of the side walls on the fluid motion can be easily emphasized. Furthermore, the required time to reach the steady-state for the sine and cosine oscillations of the boundary shear stress, as well as the distance between the side walls for which the velocity of the fluid in the middle of the channel is unaffected by their presence, are determined by graphical illustrations. As expected, this time value is lower in the presence of the side walls, decreases if the frequency ω of the shear stress increases and is greater for the sine oscillations in comparison to the cosine oscillations of the boundary shear stress.
Statement of the problem
Consider an incompressible viscous fluid, at rest, over an infinite plate and between two parallel side walls perpendicular to the plate. After the time = 0, the plate applies an oscillating shear stress ( sin(ω ) or cos(ω )) to the fluid. Due to the shear, the fluid is gradually moved. Its velocity is of the form
where i is the unit vector along the -direction of the Cartesian coordinate system , , and . For such a flow the constraint of incompressibility is automatically satisfied and the governing equation is [6, Eq. (1)],
where ν is the kinematic viscosity of the fluid and is the distance between the walls.
The appropriate initial and boundary conditions are
= sin(ω ) or cos(ω ) (5) for ∈ (0 ) and > 0. In the last relation τ( ) = S ( ) is one of the non-trivial shear stresses, ω is the frequency of the shear stress and is a constant. Moreover, the natural conditions
and > 0 (6) also have to be satisfied. They are consequences of the fact that the fluid is at rest at infinity and there is no shear in the free stream [7] . In the following the exact solutions of the initial and boundary value problem (2)-(6) will be determined using the Fourier cosine transform with respect to and the finite Fourier sine transform with regard to . The exact solutions are important for many reasons. Firstly, they provide a solution to a problem that has technical relevance. Secondly, such solutions provide a standard for checking the accuracy of many approximate methods or numerical codes that have been developed for much more complex flows. Although the computer techniques make the complete numerical integration of such equations feasible, the accuracy of the results can be established by comparison to an exact solution. , and integrating the result with respect to and from 0 to infinity, respectively, from 0 to and having in mind the initial and boundary conditions (3)- (6), we obtain the differential equations
where the double Fourier sine and cosine transforms
of ( ) have to satisfy the initial condition (ξ 0) = 0 for ξ > 0 and = 1 2 3
For each fixed ξ, Eq. (7) can be considered an ordinary differential equation in . Its solution, subject to the initial condition (8) , is given by
Inverting this result by means of the Fourier inversion formulae [8, 9] we find the velocity field ( ) under the form
where = 2 − 1. Setting = 2 and changing the origin of the coordinate system, putting = * + and dropping out the star notation, Eq. (10) becomes
where γ = (2 − 1)
where
the velocity field ( ) can be written in the simplified form
The starting solution (14) satisfies all imposed initial and boundary conditions (in order to verify Eq. (3), for instance, we need Eq. (12)). It describes the motion of the fluid for some time after its initiation. After that time, in which the transient component
disappears the starting solution tends to the steady-state solution
which is periodic in time and independent of the initial condition. However, it satisfies the governing equation and the boundary conditions.
In order to determine the shear stress in a plane parallel to the bottom wall, as well as the shear stresses on the side walls, we must determine the two non-trivial shear stresses τ( ) = S ( ) and S ( ). The first of them, for instance, can be written in the simple form
as a sum of the steady-state and transient components.
The case τ(0 ) = cos(ω )
Proceeding in a similar manner as above, we find the corresponding starting solutions under the forms
The starting solutions ( ) τ ( ) ( ) and τ ( ) describe the motion of the fluid some time after its initiation according to the initial conditions. After that time, when the transients disappear, these solutions tend to the steady-state solutions which are periodic in time and independent of the initial conditions. However, they satisfy the governing equations and the boundary conditions. In addition, the steady-state solutions differ with a phase shift. This seems not to be true for the transient solutions. This is the reason why we separately gave the starting solutions for both sine and cosine oscillations of the shear stress on the boundary. Generally, the starting solutions for unsteady motions of the fluids are important for those who need to eliminate the transients from their rheological measurements. Consequently, an important problem regarding the technical relevance of such solutions is to find the approximate time after which the fluid is moving according to the steadystate solutions. More exactly, in practice, it is necessary to know the required time to reach the steady-state.
Limiting case → ∞ (flow over an infinite plate)
In the absence of the side walls, namely when → ∞, the general solutions (14), (17), (18) 
Numerical results and conclusions
In this work, the unsteady motion due to an infinite plate that applies an oscillating shear stress to a viscous fluid between two parallel side walls perpendicular to the plate is studied by means of the integral transforms. The starting solutions that have been obtained, presented as a sum of the steady-state and the transient solutions, satisfy both the governing equation and all imposed initial and boundary conditions. They describe the motion of the fluid some time after its initiation. After that time, when the transients disappear, these solutions tend to the steady-state solutions which are periodic in time and independent of the initial conditions. However, they satisfy the governing equation and boundary conditions. In the absence of the side walls, namely when → ∞, the similar solutions corresponding to the motion over an infinite plate are obtained as limiting cases of the general solutions. In order to show the influence of the side walls on the fluid motion and to reveal some relevant physical aspects of the obtained results, the diagrams of the velocities ( 0 ) and ( 0 ) in the middle of the channel as well as those of ( ) and ( ), corresponding to the motion over an infinite plate, have been drawn against for the same values of and of the material constants. As it results from Figs. 1 and 2 there is a significant effect of the side walls. At low values of (Figs. 1a and 2a) , the influence of the side walls on the fluid motion near the bottom plate is stronger for the cosine oscillations. This is obvious because at = 0 the shear stress on the boundary is zero for the sine oscillations. In order to determine the distance between the side walls for which the measured value of the velocity or the shear stress in the middle of the channel is unaffected by the presence of the side walls (more exactly, it is equal to the velocity or the shear stress corresponding to the motion over an infinite plate), Figures 3 and 4 have been prepared. This distance, as it results from graphs, is = 0 5 for the sine oscillations and = 0 2 for the cosine oscillations of the shear stress. In practice it is also important to know the required time to reach the steady-state when the plate applies oscillatory shear-stresses to the fluid. This time has been determined in Figs. 5 and 6 for different values of . As expected, the required time to reach the steady-state increases if the distance between the side walls increases. Furthermore, this time value is greater for the sine oscillations of the shear stress on the boundary. As it results from Figs. 7 and 8, it increases if the frequency ω of the shear stress decreases. The units of the material constants in Figs. 1-8 are SI units. 
